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Abstract
In this paper, we study the boundedness, persistence, and global asymptotic stability of positive solutions of the system of two
difference equations
xn+1 = A + yn−mxn , yn+1 = A +
xn−m
yn
, n = 0, 1, . . . ,
where A > 0.
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1. Introduction
The study of dynamic behavior of various nonlinear difference equations is not only of interest in their own
right, but the results can help establish the general theory of nonlinear difference equations [1]. In recent years,
nonlinear difference equation systems have attracted considerable interest [2–8]. In particular, Papaschinopoulos and
Papadopoulos [5] studied the dynamics of positive solutions to the system of rational difference equations
xn+1 = A + xnyn−m , yn+1 = B +
yn
xn−m
, n = 0, 1, . . . . (1.1)
for the cases (I) A > 1 and B > 1, and (II) A < 1 and B < 1; while Camouzis and Papaschinopoulos [2] studied
system (1.1) for the case A = B = 1.
Taking the reciprocals of the fractions in (1.1) and letting B = A, we obtain the system
xn+1 = A + yn−mxn , yn+1 = A +
xn−m
yn
, n = 0, 1, . . . , (1.2)
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where parameter A and the initial conditions are positive real numbers,m is a positive integer. Clearly, system (1.2) has
the unique positive equilibrium (c, c) = (A+1, A+1). If one assumes xn = yn in (1.2) for n = −m,−m+1, . . . , 0,
then xn = yn for all n ≥ −m and, thus, system (1.2) reduces to the difference equation
xn+1 = A + xn−mxn (1.3)
which was studied by El-Owaidy et al. [9]. As far as we know, no work has been reported in the literature on the
dynamics of system (1.2).
In this paper, we will examine the dynamic behavior of positive solutions of system (1.2). The material consists of
three sections, which are concerned with the cases of A < 1, A = 1, and A > 1, respectively.
2. The case A < 1
This section addresses the asymptotic behavior of positive solution to (1.2) for the case A < 1.
Theorem 2.1. Suppose 0 < A < 1. Let {(xn, yn)} be an arbitrary positive solution of (1.2). Then the following
affirmations hold.
(a) If (I) m is odd, and (II) 0 < x2k−1 < 1, 0 < y2k−1 < 1, x2k > 11−A , y2k >
1
1−A for k = 1−m2 , 3−m2 , . . . , 0,
then
lim
n→∞ x2n = ∞, limn→∞ y2n = ∞, limn→∞ x2n+1 = A, limn→∞ y2n+1 = A.
(b) If (I) m is odd, and (II) 0 < x2k < 1, 0 < y2k < 1, x2k−1 > 11−A , y2k−1 >
1
1−A for k = 1−m2 , 3−m2 , . . . , 0,
then
lim
n→∞ x2n = A, limn→∞ y2n = A, limn→∞ x2n+1 = ∞, limn→∞ y2n+1 = ∞.
(c) If (I) m is even, (II) 0 < x2k−1 < 1, y2k−1 > 11−A , x2k >
1
1−A , 0 < y2k < 1 for k = 2−m2 , 4−m2 , . . . , 0,
and (III) x−m > 11−A , 0 < y−m < 1, then
lim
n→∞ x2n = ∞, limn→∞ y2n = A, limn→∞ x2n+1 = A, limn→∞ y2n+1 = ∞.
(d) If (I) m is even, (II) 0 < x2k < 1, y2k > 11−A , x2k−1 >
1
1−A , 0 < y2k−1 < 1 for k = 2−m2 , 4−m2 , . . . , 0,
and (III) 0 < x−m < 1, y−m > 11−A , then
lim
n→∞ x2n = A, limn→∞ y2n = ∞, limn→∞ x2n+1 = ∞, limn→∞ y2n+1 = A.
Proof. (a) Clearly,
0 < x1 = A + y−mx0 < A +
1
x0
< A + (1− A) = 1, x2 = A + y1−mx1 > y1−m >
1
1− A .
0 < y1 < 1, y2 >
1
1− A .
Working inductively, we obtain for n = 1, 2, . . . ,
0 < x2n−1 < 1, 0 < y2n−1 < 1, x2n >
1
1− A , y2n >
1
1− A . (2.1)
So, for n ≥ (m + 2)/2,
x2n = A + y2n−(m+1)x2n−1 > A + y2n−(m+1) = 2A +
x2n−(2m+2)
y2n−(m+2)
> 2A + x2n−(2m+2),
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from which we induce limn→∞ x2n = ∞. Similarly, limn→∞ y2n = ∞. Noting that (2.1) and taking limits on both
sides of the two equations
x2n+1 = A + y2n−mx2n , y2n+1 = A +
x2n−m
y2n
,
we derive limn→∞ x2n+1 = A, limn→∞ y2n+1 = A.
The arguments for affirmations (b), (c), (d) are similar. 
3. The case A = 1
This section is concerned with the boundedness, persistence, and periodicity of positive solutions to (1.2) for the
case where A = 1.
Theorem 3.1. Suppose A = 1. Then every positive solution of (1.2) is bounded and persists.
Proof. Let {(xn, yn)}∞n=−m be a positive solution of (1.2). Clearly, xn > 1, yn > 1 for n ≥ 1. So we have
xi , yi ∈
[
L ,
L
L − 1
]
, i = 1, 2, . . . ,m + 1,
where L = min{α, β/(β − 1)} > 1, α = min1≤i≤m+1{xi , yi }, β = max1≤i≤m+1{xi , yi }. Then,
L = 1+ L
L/(L − 1) ≤ xm+2 = 1+
y1
xm+1
≤ 1+ L/(L − 1)
L
= L
L − 1 ,
L = 1+ L
L/(L − 1) ≤ ym+2 = 1+
x1
ym+1
≤ 1+ L/(L − 1)
L
= L
L − 1 .
Inductively, we get
xi , yi ∈
[
L ,
L
L − 1
]
, i = 1, 2, . . . . (3.1)
The desirable results then follow. 
Lemma 3.2. Suppose A = 1. Let {(xn, yn)}∞n=−m be a positive solution of (1.2). Then
lim
n→∞ inf xn = limn→∞ inf yn, limn→∞ sup xn = limn→∞ sup yn .
Proof. From (3.1), we have
L1 = limn→∞ inf xn ≥ L > 1, L2 = limn→∞ inf yn ≥ L > 1,
U1 = limn→∞ sup xn > 1, U2 = limn→∞ sup yn > 1,
which plus (1.2) yield
L1 ≥ 1+ L2U1 , L2 ≥ 1+
L1
U2
, U1 ≤ 1+ U2L1 , U2 ≤ 1+
U1
L2
which imply L2 +U1 ≤ L1U1 ≤ L1 +U2 ≤ L2U2 ≤ L2 +U1, which imply
L1 +U2 = L2 +U1, L1U1 = L2U2
or, equivalently,
L1 + (−U1) = L2 + (−U2), L1 × (−U1) = L2 × (−U2).
Now consider the quadratic equation x2 − [L1 + (−U1)]x + L1 × (−U1) = 0. Clearly, L1 and L2 are positive roots
of this equation, while −U1 and −U2 are negative roots of this equation. So L1 = L2,U1 = U2. 
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Theorem 3.3. Suppose A = 1.
(a) If m is odd, then every positive solution of (1.2) with prime period two takes the form
(a, a),
(
a
a − 1 ,
a
a − 1
)
, (a, a),
(
a
a − 1 ,
a
a − 1
)
, . . . , (3.2)
where 1 < a 6= 2.
(b) If m is even, then every positive solution of (1.2) with prime period two takes the form(
a,
a
a − 1
)
,
(
a
a − 1 , a
)
,
(
a,
a
a − 1
)
,
(
a
a − 1 , a
)
, . . . , (3.3)
where 1 < a 6= 2.
Proof. Let us consider an arbitrary solution {(xn, yn)} of (1.2) with prime period two. Then there are four positive
numbers a, b, c, d > 1 such that
x2n−m = a, y2n−m = b, x2n+1−m = c, y2n+1−m = d, n = 0, 1, . . . .
If a = c, it follows from the first equation of (1.2) that b = d = a(a − A), which contradicts the prime period two
property of {(xn, yn)}. So a 6= c. Similarly, we have b 6= d. Clearly,
lim
n→∞ inf xn = min{a, c}, limn→∞ sup xn = max{a, c},
lim
n→∞ inf yn = min{b, d}, limn→∞ sup yn = max{b, d}.
From Lemma 3.2, we get
min{a, c} = min{b, d}, max{a, c} = max{b, d}.
Next, we examine two possibilities.
Case 1: Either (I) a < c and b < d , or (II) a > c and b > d. Then a = b, c = d. If m is even, it follows from (1.2)
that a = c = 2, which is a contradiction. So m is odd. From (1.2), we deduce c = a/(a − 1). Then {(xn, yn)} takes
the form (3.2). In addition, a 6= 2; otherwise {(xn, yn)} would be the equilibrium point.
Case 2: Either (I) a < c and b > d , or (II) a > c and b < d. Then a = d, b = c. If m is odd, it follows from (1.2)
that a = c = 2, which is a contradiction. So m is even. From (1.2), we derive c = a/(a − 1). Then {(xn, yn)} takes
the form (3.3). In addition, a 6= 2; otherwise {(xn, yn)} would be the equilibrium point. 
4. The case A > 1
In this section, we establish the global asymptotic stability of the unique equilibrium point of (1.2) for the case
where A > 1.
Lemma 4.1. Suppose A > 1. Then every positive solution of (1.2) is bounded and persists.
Proof. Let {(xn, yn)} be an arbitrary positive solution of (1.2). Clearly, we have xn > A > 1, yn > A > 1,
n = 1, 2, . . . . Thus, we have
xi , yi ∈
[
L ,
L
L − A
]
, i = 1, 2, . . . ,m + 1,
where L = min{α, Aβ/(β − 1)} > A, α = min1≤i≤m+1{xi , yi }, β = max1≤i≤m+1{xi , yi }.
Thereby we derive
L = A + L
L/(L − A) ≤ xm+2 = A +
y1
xm+1
≤ A + L/(L − A)
L
≤ L
L − A ,
L = A + L
L/(L − A) ≤ ym+2 = A +
x1
ym+1
≤ A + L/(L − A)
L
≤ L
L − A .
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Working inductively, we get
xi , yi ∈
[
L ,
L
L − A
]
, i = 1, 2, . . . . (4.1)
The proof has been completed. 
Theorem 4.2. Suppose A > 1. Then the positive equilibrium (c, c) of (1.2) is locally asymptotically stable.
Proof. System (1.2) can be formulated as the following system of first order recurrence equations:
w
(1)
n+1 = xn, w(2)n+1 = w(1)n , . . . , w(m)n+1 = w(m−1)n ,
z(1)n+1 = yn, z(2)n+1 = z(1)n , . . . , z(m)n+1 = z(m−1)n ,
xn+1 = A + z
(m)
n
xn
, yn+1 = A + w
(m)
n
yn
.
(4.2)
Let vn = (w(1)n , w(2)n , . . . , w(m)n , z(1)n , z(2)n , . . . , z(m)n , xn, yn)T . Then the linearized system associated with (4.2) about
the equilibrium (c, c, . . . , c)T is vn+1 = Bvn , where
B =
1
2
3
...
m
m + 1
m + 2
...
2m
2m + 1
2m + 2

1
1
1
. . .
1
1
1
. . .
1
c−1 −c−1
c−1 −c−1

.
Let P = diag(d1, d2, . . . , d2m+4) be a diagonal matrix with d2m+1 = d2m+2 = 1, dk = dm+k = 1 − kε for each
1 ≤ k ≤ m, and ε = A−1mA . Simple calculations lead to
PBP−1
=

d1d−12m+1
d2d−11
d3d−12
. . .
dmd−1m−1
dm+1d−12m+2
dm+2d−1m+1
. . .
d2md−12m−1
d2m+1c−1d−12m −d2m+1c−1d−12m+1
d2m+2c−1d−1m −d2m+2c−1d−12m+2

.
The two chains of inequalities
1 = d2m+1 > d1 > d2 > · · · > dm > 0, 1 = d2m+2 > dm+1 > dm+2 > · · · > d2m > 0
imply that
d1d−12m+1 < 1, d2d
−1
1 < 1, d3d
−1
2 < 1, . . . , dmd
−1
m−1 < 1, dm+1d
−1
2m+2 < 1, dm+2d
−1
m+1 < 1, . . . , d2md
−1
2m−1 < 1.
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Furthermore,
d2m+1c−1d−12m + d2m+1c−1d−12m+1 = c−1(d−12m + 1) = c−1
(
1
1− mε + 1
)
< 1,
d2m+2c−1d−1m + d2m+2c−1d−12m+2 = c−1(d−1m + 1) = c−1
(
1
1− mε + 1
)
< 1.
Let λ1, λ2, . . . , λ2m+2 denote the 2m+4 eigenvalues of matrix B. Since B has the same set of eigenvalues as PBP−1,
we obtain
max
1≤k≤2m+2
|λk | ≤
∥∥∥PBP−1∥∥∥∞
= max{d1d−12m+1, dm+1d−12m+2, max2≤k≤m{dkd
−1
k−1, dm+kd
−1
m+k−1}, c−1(d−12m + 1), c−1(d−1m + 1)} < 1.
So the equilibrium (c, c, . . . , c)T of (4.2) is locally asymptotically stable. This implies that the equilibrium
(A + 1, A + 1) of (1.2) is locally asymptotically stable. 
Theorem 4.3. Suppose A > 1. Then every positive solution of (1.2) converges to (c, c).
Proof. From (4.1), we have
L1 = limn→∞ inf xn ≥ L > A > 1, L2 = limn→∞ inf yn ≥ L > A > 1,
U1 = limn→∞ sup xn > A > 1, U2 = limn→∞ sup yn > A > 1,
which plus (1.2) lead to
L1 ≥ A + L2U1 , L2 ≥ A +
L1
U2
, U1 ≤ A + U2L1 , U2 ≤ A +
U1
L2
,
which can be written as
AU1 + L2 ≤ L1U1 ≤ AL1 +U2, AU2 + L1 ≤ L2U2 ≤ AL2 +U1,
So (AU1 + L2) + (AU2 + L1) ≤ (AL1 + U2) + (AL2 + U1). Rearranging the terms and simplifying, we obtain
L1 + L2 ≥ U1 + U2, which implies L1 = U1, L2 = U2. Thus, the two limits limn→∞ xn and limn→∞ yn exist. Let
limn→∞ xn = x , limn→∞ yn = y. Letting n →∞ in (1.2), we obtain
x = A + y
x
, y = A + x
y
.
This system has the unique positive solution (A + 1, A + 1). Hence, every positive solution of (1.2) converges to
(A + 1, A + 1) as n →∞. 
References
[1] V.L. Kocic, G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher Order with Applications, Kluwer Academic, Dordrecht,
1993.
[2] E. Camouzis, G. Papaschinopoulos, Global asymptotic behavior of positive solutions on the system of rational difference equations xn+1 =
1+ xn/yn−m , yn+1 = 1+ yn/xn−m , Applied Mathematics Letters 17 (2004) 733–737.
[3] D. Clark, M.R.S. Kulenovic´, A coupled system of rational difference equations, Computers and Mathematics with Applications 43 (2002)
849–867.
[4] D. Clark, M.R.S. Kulenovic´, J.F. Selgrade, Global asymptotic behavior of a two-dimensional difference equation modelling competition,
Nonlinear Analysis 52 (2003) 1765–1776.
[5] G. Papaschinopoulos, B.K. Papadopoulos, On the fuzzy difference equation xn+1 = A+xn/xn−m , Fuzzy Sets and Systems 129 (2002) 73–81.
[6] G. Papaschinopoulos, C.J. Schinas, On the system of two nonlinear difference equations xn+1 = A + xn−1/yn , yn+1 = A + yn−1/xn ,
International Journal of Mathematics & Mathematical Sciences 12 (2000) 839–848.
[7] C.J. Schinas, Invariants for difference equations and systems of difference equations of rational form, Journal of Mathematical Analysis and
Applications 216 (1997) 164–179.
[8] X.F. Yang, On the system of rational difference equations xn = A + yn−1xn−p yn−q , yn = A +
xn−1
xn−r yn−s , Journal of Mathematical Analysis and
Applications 307 (2005) 305–311.
[9] H.M. El-Owaidy, A.M. Ahmed, M.S. Mousa, On asymptotic behaviour of the difference equation xn+1 = α + xn−kxn , Applied Mathematics
and Computation 147 (2004) 163–167.
